Abstract. We consider upper and lower bounds on the minimal height of an irrational number lying in a particular real quadratic field.
Introduction
For a polynomial F (x) = a n n i=1 (x − α i ) in C[x] one defines its Mahler measure M (F ) as
For an algebraic number α we use M (α) to denote the Mahler measure of an irreducible integer polynomial with root α. Thus the logarithmic Weil height of α can be written
Of course M (α) = 1 iff α is a root of unity and the well known problem of Lehmer [3] is to determine whether there is a constant C > 1 such that M (α) > C otherwise. Schinzel [4] showed that for α in a Kroneckerian field (a totally real field or a quadratic extension of such a field) the value of M (α) must in fact grow with its degree, with the absolute minimum M (α) > 1 achieved for the golden ratio
Amoroso & Dvornicich [1] further extended this to cyclotomic fields. These of course include the quadratic fields Q( √ d), where d is a square-free positive integer. Since the golden ratio is not in all these fields we are interested in how 4. How good are our bounds?
Figures 7,8 & 9 make it seem reasonable to make the following conjecture:
In view of (4) this can be equivalently written: Checking computationally, pairs a and c satisfying
and c | d − a 2 exist for all 827 < d < 2, 000, 000, 000, and even c with 2c | d − a 2 for all d ≡ 1 mod 4 with 1, 902, 773 < d < 2, 000, 000, 000. 
This follows at once from the following examples:
It seems likely that the upper bound can be slightly reduced. The computations suggest that the largest value occurs at d = 293.
If we separate out the residue classes mod 4: 
with the same parity as d. Then, with ε as in (5),
Proof. Suppose that d ≡ 2 or 3 (mod 4). Since
Hence with A = A 1 or A 1 /A 2 we can assume A | d odd, a = kA, and it is enough to consider
with 2A < √ d and k and d the same parity. Hence
and for k and d the same parity
For k ≥ m A the minimum of both is plainly
and for (6) the smallest for k ≤ m A − 1 is Lemma 4.2. Suppose that d is a square mod q, where q is odd or 4 | q and λ defined by
Notice that if we assume GRH then estimate (8), with
from assuming RH, guarantees that
for suitably large c, and Lemma 4.2 gives
Proof. Suppose that r 0 has r
If q is odd we take r to be the integer in (
with the same parity as d and r ≡ r 0 mod q, write r = √ d − δq, and set
Notice that c = 2q and a = r or r − 2q will have c
For 4 | q (which of course only occurs when d = 1 mod 4) we write q = 2 l q 1 with q 1 odd and l ≥ 2 and take r to be the integer in (
with r ≡ r 0 mod 2 l−1 q 1 and set
Again c = 2 l−1 q 1 and a = r or r − 2 l−1 q 1 will have 2c | (d − a 2 ). Writing r = √ d − δq for q odd, and r = √ d − δ2 l−2 q 1 for q even, we have r = (1 − λδ) √ d with 0 < δ < 2 and
For α 1 and α 2 we also plainly have
Hence we can assume that α 1 > 1 (this is automatic for λ < 1 2 ). So
and plainly
So we can assume that α 2 > 1 and
Observing that the quadratic is maximized for
is less than 1 2λ − 1 and the minimum of the two is at most the value at that point:
In particular from the lemma we immediately obtain a bound away from 1 for the d ≡ 1 mod 8.
Computations indicate room for improvement in these bounds.
Proof. If d ≡ 1 (mod 8) then we can solve r 2 ≡ d mod 2 l for any l. Hence if we pick l such that 
